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NOTATION 


The notation used in this report is the same as that of reference 1 , with the following additions 
and modifications. 

xg distance behind leading edge of center of flap lift in two-dimensional flow, ft 

Ag sweep angle of constant-percent-chord line corresponding to value of xg/c, deg 



two-dimensional lift-effectiveness parameter (cgg/cg^) 
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SIMPLIFIED LIFTING-SURFACE THEORY FOR FLAPS ON WINGS OF 
LOW AND MODERATE ASPECT RATIOS 
Bradford H. Wick 
Ames Research Center 


SUMMARY 


A modification of the simplified lifting-surface theory (ref. 1) for wings with deflected flaps is 
presented and evaluated. The modification is simple and straightforward in application, and is 
shown to overcome the deficiency in the theory that results in an underestimation of flap lift 
effectiveness for wings that have low to moderate aspect ratios. 


INTRODUCTION 


NACA Report 1 07 1 (ref. 1 ) presents a simplified lifting-surface theory for determining the 
symmetric span-load distribution and lift coefficient that would result from the deflection of a 
trailing-edge flap on a wing of arbitrary plan form in subsonic flow. The theory was shown to pro- 
vide a rapid and reasonably accurate means of calculating flap lift effectiveness for a range of wing 
plan forms. It was found, however, that the accuracy of the theory (as judged by comparisons with 
experiment) was a function of wing aspect ratio. For wings of moderate aspect ratio, calculated 
values of flap lift effectiveness were generally below the corresponding measured values by about 
10 percent; and, for wings with smaller aspect ratios, the calculated values were low by as much as 
20 percent. These results indicate a systematic deficiency in the theory. It was noted in reference 1 
that the deficiency was probably the result of the assumption in the theory that the ratio of lift-per- 
unit-flap-deflection to the lift-per-unit angle-of-attack was independent of wing aspect ratio. Evi- 
dence was cited that suggested that the assumption was reasonably acceptable for all but very low 
aspect ratio wings. It appears from the results of the comparisons of experiment and theory pre- 
sented in reference 1 , however, that the range of applicability of the assumption is more limited 
than originally anticipated. 

Means of overcoming this theoretical deficiency were examined. The effort resulted in a modi- 
fication of the theory that is simple, straightforward in application, and that appears to improve the 
accuracy of predicted flap effectiveness for wings with low to moderate aspect ratios. The modified 
theory is presented and evaluated herein. 


DEVELOPMENT OF THE MODIFIED THEORY 


The theory of reference 1 is based on the simplified lifting-surface theory previously devel- 
oped for unflapped wings (ref. 2). In the simplified lifting-surface theory, the lifting surface, in 


incompressible flow, is replaced by a lifting vortex at the quarter-chord line and seven control points 
are located along the three-quarter-chord line. The boundary condition specified for determining the 
vortex strength distribution is that there be no flow through the lifting surface at any of the control 
points. Thus, the slope induced in the flow at each control point is equated to the effective wing 
angle of attack at that point. 

The aforementioned chordwise locations of the lifting vortex and the control points are based 
on two-dimensional wing theory. The lifting-vortex location corresponds to the two-dimensional 
center of lift resulting from a change in wing angle of attack. The choice of the three-quarter-chord 
line for the control points is based on the assumption of a two-dimensional lift-curve slope of lir, a 
procedure is given in reference 2 for adjusting the chordwise location for a value of lift-curve slope 
other than 27 t. (See reference 2 for further discussion of the choice of control-point location.) 

In applying the boundary condition to a flapped wing, it was assumed in reference 1 that the 
flapped wing could be replaced by an unflapped wing having an effective angle of attack at each 
control point location equal to the product of the local flap angle and the two-dimensional lift- 
effectiveness parameter (da/d5)o- It followed that the locations of the lifting vortex and the control 
points were as specified for the unflapped wing. 

The modification presented here is based on the assumption that the unflapped wing will pro- 
vide a better representation of the flapped wing if the chordwise locations of its lifting vortex and 
control points are based on the two-dimensional theory for flap lift rather than angle-of-attack lift. 
With this assumption, the local angles of attack of the equivalent unflapped wing are to be taken 
equal to the local flap angles, and the section lift-curve slope is to be taken equal to egg, the rate of 
change of lift coefficient with flap deflection. These changes can be readily taken into account in 
the existing simplified lifting-surface theory. 

The modified location of the lifting line is used to define the reference sweep angle (i.e., the ef- 
fective quarter-chord sweep) to be used in applying the equations and charts of reference 1. The 
chordwise location of the lifting line is, from two-dimensional flap theory (ref. 3); 


c 


0.25 + 0.25 sin 


/ 1 - cos 0 \ 

\ 7T - 0 + sin 0 / 


( 1 ) 


where 


COS0 = -(l -2-^) 

The sweep of this lifting line is given by 

tan A§ _ tan A q.25c _ 4 / xg \ / I _X \ 

/3 |3A \ c / \1 + X / 

The control-point location for the unflapped-wing equivalent of the flapped wing is determined 
through use of the procedure developed in reference 2 to account for the effects on wing lift of 
values of co that differ from the thin airfoil theory value of 2ir. As noted in reference 2, simplified 
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lifting-surface theory requires that the local control point be taken as the point behind the lifting 
line at which the flow is parallel to the wing chord plane. The distance of this point behind the 
lifting line was shown to be 



c 4n 


(3) 


For a value of of 2 tt, h/c equals 0.5, which places the control point at the three-quarter chord. 
Reference 2, in treating other values of c£^, introduced the parameter k, the ratio of the selected 
value of c£q, to the value of 27 t. The control-point location is then given by 

— = k(0.5) (4) 

c 


Thus, if the selected value of (e.g., an experimental value) is less than 27T, the control point 
should be located forward of the three-quarter-chord point; if greater, it should be located aft of the 
three-quarter-chord point. 

For the flapped wing, replaced by the assumed equivalent unflapped wing, the control-point 
location is 


h 

c 


47T 


or 


h _ (do!/d6)oC£^ 
C 47T 


(5) 


For cg^ equal to 2ir, 


^ = (da/d5)o (0.5) 


( 6 ) 


If K is assigned the value of (da/d5)o, equation (6) becomes identical to equation (4). Thus the 
equations and charts of references 1 and 2 for unflapped wings are directly applicable to flapped 
wings on the basis of the theoretical approach proposed herein. 


For values of cg^ other than 27 t, the control-point location can be expressed as 

J]_ ^ (da/d6)o 


(7) 
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where 


(da/d5)o C£^ 
2-n 


K - 


( 8 ) 


and 



/ 0 - sin 0 

\ 7T 


) 


(9) 


An example, using the following values, will serve to illustrate the application of the modified 
theory. 


1 . aspect ratio, 3 


2. sweep of quarter chord, 45° 

3. plain flap with sealed gap 

a. flap chord-wing chord ratio, 0.30 

b. flap span-wing span ratio, 1.00 

The charts given in figure 5 of reference 1 are used to determine the flap lift effectiveness. In the 
charts, flap lift effectiveness is presented in the form of the parameter |SCLg/Kav> as a function of 
the ratio of flap span to wing span; for various values of Ajj, |3A//Cav> and X. (The parameter «av is 
used to account for any span wise variation of /c; for this example, k is constant.) The effective 
sweep angle Aj3 for the present example is determined from equations (1) and (2) to be 43.0°. The 
value of K is calculated from equation (9), and is equal to 0.66, the value of (da/d5)o when cg^, is 
equal to 27 t. The resulting value of the aspect-ratio parameter jSA/Kav is 4.55. From the pertinent 
chart of figure 5 of reference 1, a value of of 3.32 is obtained, from which a value of Cl§ 

of 2.19 is calculated. The unmodified theory gives a value of CLg of 1.82, a value that is about 17 
percent lower. 


DISCUSSION 


To evaluate the effectiveness of the present modification of the simplified lifting-surface 
theory, values of the flap lift effectiveness parameter da/d5, calculated by use of the two versions 
of the theory, will be compared with experimental values, and with values given by lifting-surface 
theory. As previously noted, the unmodified version of the theory is based on the assumption that 
da/d6 is equal to the two-dimensional value (da/d5)o. Reference l,in recognition of the limitation 
of the assumption, states that: “An analysis based on lifting-surface theory indicates that the da/d5 
of a wing does not vary appreciably with aspect ratio until aspect ratio becomes less than approxi- 
mately 2; for A=2, da/dS increases rapidly with decreasing aspect ratio until at A=0, do!/dS=1.0.” 
Results presented Ijelow suggest that the increase becomes significant at an aspect ratio considerably 
higher than 2. 
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Comparisons With Experiment 


Experimental and theoretical variations 
of doi/dS with aspect ratio are compared in 
figure 1 . The results are for wings that are un- 
swept, have a taper ratio of 0.5, and are 
equipped with full-span, sealed-gap, plain flaps 
with a chord equal to 30 percent of the wing 
chord. The experimental data are from refer- 
ence 4, and were obtained from wind-tunnel 
measurements on semi-span models mounted 
directly on a turntable mounted flush with 
the tunnel floor; the flaps were deflected to 
small angles. (These data were also used in 
reference 1 in the evaluation of the unmodi- 
fied theory. The data are attractive for this 
purpose because of the number of wings inves- 
tigated and the type of flap and flap condi- 
tions used; the semi-span mounting arrange- 
ment make the data less attractive, however, 
because of a possible adverse effect on the accuracy of some of the data, as will be discussed.) Also 
shown in figure 1 is the upper limit of the flap lift effectiveness that is given by the theory presented 
in reference 5. 

Both the modified theory and experiment indicate an increase in da/d5 with decreasing aspect 
ratio, even at as high an aspect ratio as 6. Experiment shows a somewhat lower rate; the lower rate 
could have been the result of the use of a semi-span mounting arrangement that exposed the inboard 
end of each wing to the tunnel boundary-layer air flow. Even though the modified theory and ex- 
periment differ somewhat as to the rate of increase, it seems reasonable to conclude that the 
experiment shows the modified theory to be an improvement over the unmodified. 

Reference 4 also presents experimental data for wings swept at angles of 35° and 45°. Compar- 
isons of experiment and theory for these wings (not shown here) were found to differ from those 
for the unswept wings. The experimental values of da/d6 for the swept wings showed essentially no 
variation with aspect ratio and were about equal to the two-dimensional; thus, they were in agree- 
ment with the unmodified theory. The accuracy of the swept wing data appears suspect because of 
the absence of any indication of an effect of aspect ratio on da/d5. This difference with the un- 
swept wing data could have been caused by differences in the effect of the tunnel boundary-layer 
air flow over the wings. 



A 


Figure 1 Comparison of theoretical and experi- 
mental values of the flap lift -effectiveness 
parameter. 
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Comparisons With Lifting-Surface Theory 



A 


Figure 2 — Comparison of theoretical values of the 
flap lift-effectiveness parameter. 


Figure 2 compares results given by the 
two versions of the simplified lifting-surface 
theory with results given by a lifting-surface 
theory for low-aspect-ratio wings (ref. 6). The 
results are for wings with unswept trailing 
edges, a taper ratio of 0.5, and 25 percent 
chord, full-span, sealed-gap, plain flaps. The 
modified version of the simplified theory is 
shown to be in good agreement with the 
lifting-surface theory of reference 6; both in- 
dicate values of da/d5, at low and moderate 
aspect ratios, that are considerably higher 
than the two-dimensional, the value assumed 
in the unmodified version of the simplified 
theory. 


CONCLUDING REMARKS 


A modification of a simplified lifting-surface theory for wings with deflected flaps has been 
presented and evaluated. The evaluation was made by comparing values of flap lift-effectiveness 
calculated by use of two versions of the theory with corresponding experimental values, and with 
values given by a lifting-surface theory for low-aspect-ratio wings. The modified theory was shown 
to provide an improvement in accuracy, particularly for wings of low to moderate aspect ratio. 


Ames Research Center 

National Aeronautics and Space Administration 
Moffett Field, California 94035, May 30, 1975 
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